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If G is a group, then we say that the functor Hn(G,−) is ﬁnitary
if it commutes with all ﬁltered colimit systems of coeﬃcient
modules. We investigate groups with cohomology almost everywhere
ﬁnitary; that is, groups with nth cohomology functors ﬁnitary
for all suﬃciently large n. We establish suﬃcient conditions for
a group G possessing a ﬁnite-dimensional model for EG to have
cohomology almost everywhere ﬁnitary. We also prove a stronger
result for the subclass of groups of ﬁnite virtual cohomological
dimension, and use this to answer a question of Leary and
Nucinkis. Finally, we show that if G is a locally (polycyclic-by-
ﬁnite) group, then G has cohomology almost everywhere ﬁnitary
if and only if G has ﬁnite virtual cohomological dimension and
the normalizer of every non-trivial ﬁnite subgroup of G is ﬁnitely
generated.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Let G be a group and n ∈ N. The nth cohomology of G is a functor
Hn(G,−) := ExtnZG(Z,−)
from the category of ZG-modules to the category of Z-modules, and we say that it is ﬁnitary if it
commutes with all ﬁltered colimit systems of coeﬃcient modules (see §3.18 in [1]; also §6.5 in [14]).
Brown [4] has characterized groups of type FP∞ in terms of ﬁnitary functors (see also results of
Bieri, Theorem 1.3 in [2]).
Proposition 1. A group G is of type FP∞ if and only if Hn(G,−) is ﬁnitary for all n.
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almost all n. We say that such a group has cohomology almost everywhere ﬁnitary.
In this paper, we shall investigate groups with cohomology almost everywhere ﬁnitary. We begin
with the class of locally (polycyclic-by-ﬁnite) groups, and in Section 3 we prove the following:
Theorem 2. Let G be a locally (polycyclic-by-ﬁnite) group. Then G has cohomology almost everywhere ﬁni-
tary if and only if G has ﬁnite virtual cohomological dimension and the normalizer of every non-trivial ﬁnite
subgroup of G is ﬁnitely generated.
If G is a locally (polycyclic-by-ﬁnite) group with cohomology almost everywhere ﬁnitary, then
a result of Kropholler (Theorem 2.1 in [10]) shows that G has a ﬁnite-dimensional model for the
classifying space EG for proper actions and, furthermore, that there is a bound on the orders of the
ﬁnite subgroups of G (see §5 of [13] for a brief explanation of the classifying space EG). In Section 9
we prove the following lemma.
Lemma 3. Let G be a locally (polycyclic-by-ﬁnite) group. Then the following are equivalent:
(i) there is a ﬁnite-dimensional model for EG, and there is a bound on the orders of the ﬁnite subgroups of G;
(ii) G has ﬁnite virtual cohomological dimension; and
(iii) there is a ﬁnite-dimensional model for EG, and G has ﬁnitely many conjugacy classes of ﬁnite subgroups.
Therefore, we can reduce our study to those groups G which have ﬁnite virtual cohomological
dimension. We then have the following short exact sequence:
N G Q ,
where N is a torsion-free, locally (polycyclic-by-ﬁnite) group of ﬁnite cohomological dimension, and
Q is a ﬁnite group. Hence, in order to prove Theorem A, we must consider three cases. The ﬁrst
case is when G is torsion-free. In this case, G has ﬁnite cohomological dimension, so Hn(G,−) = 0,
and hence is ﬁnitary, for all suﬃciently large n. The next simplest case, when G is the direct product
N × Q is treated in Section 2, and the general case is then proved in Section 3.
Now, if G is any group with cohomology almost everywhere ﬁnitary, and H is a subgroup of G
of ﬁnite index, then it is always true that H also has cohomology almost everywhere ﬁnitary (see
Lemma 9 below). However, in the case of locally (polycyclic-by-ﬁnite) groups we can say much more
than this:
Corollary 4. Let G be a locally (polycyclic-by-ﬁnite) group. If G has cohomology almost everywhere ﬁnitary,
then every subgroup of G also has cohomology almost everywhere ﬁnitary.
This is not true in general, however, as can been seen from Proposition 21 below.
Next, we consider the class of elementary amenable groups, and prove the following in Section 5:
Proposition 5. Let G be an elementary amenable group with cohomology almost everywhere ﬁnitary. Then
G has ﬁnitely many conjugacy classes of ﬁnite subgroups, and CG(E) is ﬁnitely generated for every E  G of
order p.
In Section 6 we investigate the class of groups of ﬁnite virtual cohomological dimension. In this
section we work over a ring R of prime characteristic p, instead of over Z, by deﬁning the nth
cohomology of a group G as
Hn(G,−) := ExtnRG(R,−).
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and only if the functor ExtnRG(R,−) is ﬁnitary. We have an analogue of Proposition 1, characterizing
the groups of type FP∞ over R as those with nth cohomology functors ﬁnitary over R for all n. We
can similarly deﬁne the notion of a group having cohomology almost everywhere ﬁnitary over R , and we
prove the following result.
Theorem 6. Let G be a group of ﬁnite virtual cohomological dimension, and R be a ring of prime characteris-
tic p. Then the following are equivalent:
(i) G has cohomology almost everywhere ﬁnitary over R;
(ii) G has ﬁnitely many conjugacy classes of elementary abelian p-subgroups and the normalizer of every
non-trivial elementary abelian p-subgroup of G is of type FP∞ over R; and
(iii) G has ﬁnitely many conjugacy classes of elementary abelian p-subgroups and the normalizer of every
non-trivial elementary abelian p-subgroup of G has cohomology almost everywhere ﬁnitary over R.
We then adapt the proof of Theorem 6 slightly, and in Section 7 we use it to prove the following
result, which answers a question of Leary and Nucinkis (Question 1 in [13]).
Theorem 7. Let G be a group of type VFP over Fp , and P be a p-subgroup of G. Then the centralizer CG(P ) of
P is also of type VFP over Fp .
Finally, in Section 8 we return to working over Z, and consider the class of groups which possess
a ﬁnite-dimensional model for EG . We prove the following:
Proposition 8. Let G be a group which possesses a ﬁnite-dimensional model for the classifying space EG for
proper actions. If
(i) G has ﬁnitely many conjugacy classes of ﬁnite subgroups; and
(ii) The normalizer of every non-trivial ﬁnite subgroup of G has cohomology almost everywhere ﬁnitary,
Then G has cohomology almost everywhere ﬁnitary.
However, the converse of this result is false, and we shall exhibit counter-examples in Section 8
by using a theorem of Leary (Theorem 20 in [12]). These counter-examples show that the converse of
Proposition 8 is false even for the subclass of groups of ﬁnite virtual cohomological dimension.
2. The direct product case of Theorem 2
Suppose that G = N × Q , where N is a torsion-free, locally (polycyclic-by-ﬁnite) group of ﬁnite co-
homological dimension, and Q is a non-trivial ﬁnite group. We wish to show that G has cohomology
almost everywhere ﬁnitary if and only if the normalizer of every non-trivial ﬁnite subgroup of G is
ﬁnitely generated. Now, if F is a non-trivial ﬁnite subgroup of G , then F must be a subgroup of Q ,
and so N is a subgroup of NG(F ) of ﬁnite index. Hence, NG(F ) is ﬁnitely generated if and only if N
is. It is therefore enough to prove that G has cohomology almost everywhere ﬁnitary if and only if N
is ﬁnitely generated.
We begin by assuming that N is ﬁnitely generated. Therefore N is polycyclic-by-ﬁnite, and hence
of type FP∞ (Examples 2.6 in [2]). The property of type FP∞ is inherited by supergroups of ﬁnite
index, so G is also of type FP∞ . Therefore, by Proposition 1, we see that G has cohomology almost
everywhere ﬁnitary.
For the converse, we shall prove a more general result which does not place any restrictions on
the group N . Firstly, we need the following three lemmas:
Lemma 9. Let G be a group, and H be a subgroup of ﬁnite index. If Hn(G,−) is ﬁnitary, then Hn(H,−) is also
ﬁnitary.
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Hn(H,−) ∼= Hn(G,CoindGH −).
Then, as H has ﬁnite index in G , it follows from Lemma 6.3.4 in [19] that CoindGH (−) ∼= IndGH (−).
Therefore,
Hn(H,−) ∼= Hn(G, IndGH −)∼= Hn(G,− ⊗ZH ZG),
and as tensor products commute with ﬁltered colimits, we see that Hn(H,−) is the composite of two
ﬁnitary functors, and hence is itself ﬁnitary. 
Lemma 10. Let G be a group, and R1 → R2 be a ring homomorphism. If Hn(G,−) is ﬁnitary over R1 , then
Hn(G,−) is ﬁnitary over R2 .
Proof. We see from Chapter 0 of [2] that for any R2G-module M we have the following isomorphism:
ExtnR2G(R2,M)
∼= ExtnR1G(R1,M),
where M is viewed as an R1G-module via the homomorphism R1 → R2. The result now follows. 
Lemma 11. Let F1, F2 : ModR → ModS , and suppose that F is the direct sum of F1 and F2 . If F is ﬁnitary,
then so are F1 and F2 .
Proof. As F is the direct sum of F1 and F2, we have the following exact sequence of functors:
0 → F1 → F → F2 → 0.
Let (Mλ) be a ﬁltered colimit system of R-modules. We have the following commutative diagram with
exact rows:
lim−→ F1(Mλ)
f1
lim−→ F (Mλ)
f
lim−→ F2(Mλ)
f2
F1(lim−→ Mλ) F (lim−→ Mλ) F2(lim−→ Mλ)
As F is ﬁnitary, we see that the map f is an isomorphism. It then follows from the Snake Lemma
that f1 is a monomorphism and f2 is an epimorphism.
Now, as F is the direct sum of F1 and F2, we also have the following exact sequence of functors:
0 → F2 → F → F1 → 0,
and hence the following commutative diagram with exact rows:
lim−→ F2(Mλ)
f2
lim−→ F (Mλ)
f
lim−→ F1(Mλ)
f1
F2(lim−→ Mλ) F (lim−→ Mλ) F1(lim−→ Mλ)
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result now follows. 
Proposition 12. Let Q be a non-trivial ﬁnite group, and N be any group. If there is some natural number k
such that Hk(N × Q ,−) is ﬁnitary, then N is ﬁnitely generated.
Proof. Suppose that Hk(N × Q ,−) is ﬁnitary. As Q is a non-trivial ﬁnite group, we can choose a
subgroup E of Q of order p, for some prime p, so N × E is a subgroup of N × Q of ﬁnite index.
It then follows from Lemma 9 that Hk(N × E,−) is also ﬁnitary. Then, by Lemma 10, we see that
Hk(N × E,−) is ﬁnitary over Fp .
Let M be any FpN-module, and Fp be the trivial Fp E-module. Applying the Künneth Theorem
gives the following isomorphism:
Hk(N × E,M) ∼=
⊕
i+ j=k
Hi(N,M) ⊗Fp H j(E,Fp)
∼=
k⊕
i=0
Hi(N,M),
and as this holds for any FpN-module M , we have an isomorphism of functors for modules on which
E acts trivially. Then, as Hk(N × E,−) is ﬁnitary over Fp , it follows from Lemma 11 that H0(N,−)
is also ﬁnitary over Fp . It then follows that N is ﬁnitely generated (see, for example, Proposition 2.1
in [2]). 
The converse of the direct product case now follows immediately.
3. Proof of Theorem 2
Let G be a locally (polycyclic-by-ﬁnite) group of ﬁnite virtual cohomological dimension. We begin
with the following useful result of Cornick and Kropholler (Theorem A in [7]):
Proposition 13. Let G be a group possessing a ﬁnite-dimensional model for EG, and M be an RG-module.
Then M has ﬁnite projective dimension over RG if and only if M has ﬁnite projective dimension over RH for
all ﬁnite subgroups H of G.
Theorem 14. Let G be a locally (polycyclic-by-ﬁnite) group of ﬁnite virtual cohomological dimension. If G has
cohomology almost everywhere ﬁnitary, then the normalizer of every non-trivial ﬁnite subgroup of G is ﬁnitely
generated.
Proof. Let F be a non-trivial ﬁnite subgroup of G , so we can choose a subgroup E of F of order p, for
some prime p. As G has ﬁnite virtual cohomological dimension, it has a torsion-free normal subgroup
N of ﬁnite index. Let H := NE , so it follows from Lemma 9 that H has cohomology almost everywhere
ﬁnitary.
Let Λ denote the set of non-trivial ﬁnite subgroups of H , so Λ consists of subgroups of order p.
Now H acts on this set by conjugation, so the stabilizer of any K ∈ Λ is NH (K ). Also, for each K ∈ Λ,
we see that the set of K -ﬁxed points ΛK is simply the set {K }, because if K ﬁxed some K ′ = K , then
K K ′ would be a subgroup of H of order p2, which is a contradiction.
We have the following short exact sequence:
J ZΛ
ε
 Z,
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with basis {K ′ − K : K ′ ∈ Λ}. Now, as H has ﬁnite virtual cohomological dimension, it has a ﬁnite-
dimensional model for EH (Exercise §VIII.3 in [5]), and so it follows from Proposition 13 that J has
ﬁnite projective dimension over ZH . Now, the short exact sequence J ZΛ Z gives rise to a long
exact sequence in cohomology, and as J has ﬁnite projective dimension, we conclude that for all
suﬃciently large n we have the following isomorphism:
Hn(H,−) ∼= ExtnZH (ZΛ,−).
Next, as H acts on Λ, we can split Λ up into its H-orbits, so
Λ =
∐
K∈C
HK \H =
∐
K∈C
NH (K )\H,
where K runs through a set C of representatives of conjugacy classes of non-trivial ﬁnite subgroups
of H . This gives the following isomorphism:
Hn(H,−) ∼=
∏
K∈C
ExtnZH
(
Z
[
NH (K )\H
]
,−)
∼=
∏
K∈C
Hn
(
NH (K ),−
)
,
where the last isomorphism follows from the Eckmann–Shapiro Lemma. Therefore, if Hn(H,−) is
ﬁnitary, it follows from Lemma 11 that Hn(NH (E),−) is also ﬁnitary. Hence, as H has cohomology
almost everywhere ﬁnitary, we conclude that NH (E) also has cohomology almost everywhere ﬁnitary.
Now, as E is a ﬁnite group, ∣∣NH (E) : CH (E)∣∣< ∞,
and so by Lemma 9 we see that
CH (E) ∼= E × CN (E)
has cohomology almost everywhere ﬁnitary. It then follows from Proposition 12 that CN (E) is ﬁnitely
generated, and hence polycyclic-by-ﬁnite.
Now, as E  F , it follows that CN (F ) CN (E) and as every subgroup of a polycyclic-by-ﬁnite group
is ﬁnitely generated, we see that CN (F ) is ﬁnitely generated.
Finally, as N is a subgroup of G of ﬁnite index, it follows that∣∣CG(F ) : CN(F )∣∣< ∞,
and so CG(F ) is ﬁnitely generated. Hence NG(F ) is ﬁnitely generated, as required. 
In the remainder of this section we shall prove the converse. Firstly, we need the following deﬁni-
tion from [11]:
Deﬁnition 15. Let G be a group, and let Λ(G) denote the poset of the non-trivial ﬁnite subgroups
of G . We can view this poset as a G-simplicial complex, which we shall denote by |Λ(G)|, by the
following method: An n-simplex in |Λ(G)| is determined by each strictly increasing chain
H0 < H1 < · · · < Hn
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induces an action of G on |Λ(G)|, so that the stabilizer of a simplex is an intersection of normalizers;
in the case of the simplex determined by the chain of subgroups above, the stabilizer is
n⋂
i=0
NG(Hi).
This complex has the property that, for any non-trivial ﬁnite subgroup K of G , the K -ﬁxed point
complex |Λ(G)|K is contractible (for a proof of this, see Lemma 2.1 in [11]).
Next, we need the following two results of Kropholler and Mislin:
Proposition 16. Let Y be a G-CW-complex of ﬁnite dimension n. Then Y can be embedded into an n-
dimensional G-CW-complex Y˜ which is (n − 1)-connected in such a way that G acts freely outside Y .
Proof. This is Lemma 4.4 of [11]. We can take Y˜ to be the n-skeleton of the join
Y ∗ G ∗ · · · ∗ G︸ ︷︷ ︸
n
. 
Proposition 17. Let Y be an n-dimensional G-CW-complex which is (n − 1)-connected, for some n 0. Sup-
pose that Y K is contractible for all non-trivial ﬁnite subgroups K of G. Then the nth reduced homology group
H˜n(Y ) is projective as a ZK-module for all ﬁnite subgroups K of G.
Proof. This is Proposition 6.2 of [11]. 
Finally, we require the following two lemmas:
Lemma 18. Let
0 → F1 → F → F2 → 0
be an exact sequence of functors from ModR to ModS . If F1 and F2 are ﬁnitary, then so is F .
Proof. Let (Mλ) be a ﬁltered colimit system of R-modules. We have the following commutative dia-
gram:
0 lim−→ F1(Mλ)
f1
lim−→ F (Mλ)
f
lim−→ F2(Mλ)
f2
0
0 F1(lim−→ Mλ) F (lim−→ Mλ) F2(lim−→ Mλ) 0
Now, as F1 and F2 are ﬁnitary, the maps f1 and f2 are isomorphisms. It then follows from the Five
Lemma that f is an isomorphism, and we conclude that F is ﬁnitary. 
Lemma 19. Let G be a group. If we have an exact sequence of ZG-modules
0 → Ar → Ar−1 → ·· · → A0 → Z → 0
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has cohomology almost everywhere ﬁnitary.
Proof. If r = 0, then the result follows immediately. Assume, therefore, that r  1, and proceed by
induction.
If r = 1, then we have the short exact sequence
A1 A0 Z
which gives the following long exact sequence:
· · · → Ext j
ZG(A0,−) → Ext jZG(A1,−) → H j+1(G,−)
→ Ext j+1
ZG (A0,−) → Ext j+1ZG (A1,−) → ·· ·
and as both Ext∗ZG(A0,−) and Ext∗ZG(A1,−) are ﬁnitary in all suﬃciently high dimensions, it follows
from the Five Lemma that G has cohomology almost everywhere ﬁnitary.
Now suppose that we have shown this for r − 1, and that we have an exact sequence
0 → Ar → Ar−1 → ·· · → A0 → Z → 0
such that, for each i = 0, . . . , r, the functor Ext∗ZG(Ai,−) is ﬁnitary in all suﬃciently high dimensions.
Let K := Ker(Ar−2 → Ar−3), so we have the short exact sequence
Ar Ar−1 K ,
and an argument similar to above shows that Ext∗ZG(K ,−) is ﬁnitary in all suﬃciently high dimen-
sions. We then have the following exact sequence:
0 → K → Ar−2 → ·· · → A0 → Z → 0,
and the result now follows by induction. 
Finally, we can now prove the converse:
Theorem 20. Let G be a locally (polycyclic-by-ﬁnite) group of ﬁnite virtual cohomological dimension. If the
normalizer of every non-trivial ﬁnite subgroup of G is ﬁnitely generated, then G has cohomology almost every-
where ﬁnitary.
Proof. Let Λ(G) be the poset of all non-trivial ﬁnite subgroups of G , and let |Λ(G)| denote its realiza-
tion as a G-simplicial complex. As G has ﬁnite virtual cohomological dimension, there is a bound on
the orders of its ﬁnite subgroups, and so |Λ(G)| is ﬁnite-dimensional, say dim |Λ(G)| = r. From Propo-
sition 16, we can embed |Λ(G)| into an r-dimensional G-CW-complex Y which is (r − 1)-connected,
such that G acts freely outside |Λ(G)|. Consider the augmented cellular chain complex of Y . As Y is
(r − 1)-connected, it has trivial homology except in dimension r, and so we have the following exact
sequence:
0 → H˜r(Y ) → Cr(Y ) → ·· · → C0(Y ) → Z → 0.
M. Hamilton / Journal of Algebra 330 (2011) 1–21 9In order to show that G has cohomology almost everywhere ﬁnitary, it is enough by Lemma 19 to
show that the functors Ext∗ZG(H˜r(Y ),−) and Ext∗ZG(Cl(Y ),−), 0 l  r, are ﬁnitary in all suﬃciently
high dimensions.
Firstly, notice that for every non-trivial ﬁnite subgroup K of G , Y K = |Λ(G)|K , as the copies of G
that we have added in the construction of Y have free orbits, and so have no ﬁxed points under K .
Thus, Y is an r-dimensional G-CW-complex which is (r − 1)-connected, such that Y K is contractible
for every non-trivial ﬁnite subgroup K of G . It then follows from Proposition 17 that H˜r(Y ) is pro-
jective as a ZK -module for all ﬁnite subgroups K of G . Then by Proposition 13, H˜r(Y ) has ﬁnite
projective dimension over ZG , and so ExtnZG(H˜r(Y ),−) = 0, and thus is ﬁnitary, for all suﬃciently
large n.
Next, for each 0 l r, consider the functor Ext∗ZG(Cl(Y ),−). Provided that n 1, we see that
ExtnZG
(
Cl(Y ),−
)∼= ExtnZG(Cl(∣∣Λ(G)∣∣),−)
as the copies of G that we have added in the construction of Y have free orbits, and so the free-
abelian group on them is a free module. Now,
ExtnZG
(
Cl
(∣∣Λ(G)∣∣),−)∼= ExtnZG(Z∣∣Λ(G)∣∣l,−),
where |Λ(G)|l consists of all the l-simplicies
K0 < K1 < · · · < Kl
in |Λ(G)|. As G acts on |Λ(G)|l , we can therefore split |Λ(G)|l up into its G-orbits, where the stabilizer
of such a simplex is
⋂l
i=0 NG(Ki). We then obtain the following isomorphism:
ExtnZG
(
Z
∣∣Λ(G)∣∣l,−)∼= ExtnZG
(
Z
[∐
C
l⋂
i=0
NG(Ki)\G
]
,−
)
∼=
∏
C
ExtnZG
(
Z
[
l⋂
i=0
NG(Ki)\G
]
,−
)
∼=
∏
C
Hn
(
l⋂
i=0
NG(Ki),−
)
,
where the product is taken over a set C of representatives of conjugacy classes of non-trivial ﬁnite
subgroups of G . Now, as G has ﬁnite virtual cohomological dimension, it follows from Lemma 3 that
there are only ﬁnitely many conjugacy classes of ﬁnite subgroups, and so this product is ﬁnite.
Now, for each l-simplex K0 < · · · < Kl we have
l⋂
i=0
NG(Ki) NG(Kl).
Then, as NG(Kl) is ﬁnitely generated, it follows that
⋂l
i=0 NG(Ki) is also ﬁnitely generated, and hence
polycyclic-by-ﬁnite.
Therefore,
⋂l
i=0 NG(Ki) is of type FP∞ , and so by Proposition 1, Hn(
⋂l
i=0 NG(Ki),−) is ﬁnitary.
Thus ExtnZG(Cl(Y ),−) is isomorphic to a ﬁnite product of ﬁnitary functors, and hence by Lemma 18
is ﬁnitary. As this holds for all n  1, we see that Ext∗ZG(Cl(Y ),−) is ﬁnitary in all suﬃciently high
dimensions, which completes the proof. 
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Let G be a locally (polycyclic-by-ﬁnite) group with cohomology almost everywhere ﬁnitary. We
shall now show that every subgroup of G also has cohomology almost everywhere ﬁnitary:
Proof of Corollary 4. As G has cohomology almost everywhere ﬁnitary, it follows from Theorem 2 that
G has ﬁnite virtual cohomological dimension and the normalizer of every non-trivial ﬁnite subgroup
of G is ﬁnitely generated.
Let H be any subgroup of G , so
vcd H  vcdG < ∞.
Also, let F be a non-trivial ﬁnite subgroup of H . Then NG(F ) is ﬁnitely generated, hence polycyclic-
by-ﬁnite, and as
NH (F ) NG(F ),
we see that NH (F ) is also ﬁnitely generated. Therefore, we conclude from Theorem 2 that H has
cohomology almost everywhere ﬁnitary. 
This result does not hold in general, however, as the following proposition shows:
Proposition 21. Let G be a group of type FP∞ which has an inﬁnitely generated subgroup H, and let Q be a
non-trivial ﬁnite group. Then G × Q has cohomology almost everywhere ﬁnitary, but H × Q does not.
Proof. As G is of type FP∞ , it follows that G × Q is also of type FP∞ , and so has cohomology
almost everywhere ﬁnitary. However, as H is inﬁnitely generated, it follows from Proposition 12 that
Hn(H × Q ,−) is not ﬁnitary for any n. 
Remark 22. Let G be the free group on two generators x, y, so G is of type FP∞ (Example 2.6 in [2]),
and let H be the subgroup of G generated by ynxy−n for all n. We then have a counter-example
showing that Corollary 4 does not hold in general.
5. A result on elementary amenable groups
Let G be an elementary amenable group with cohomology almost everywhere ﬁnitary. We shall
now show that G has ﬁnitely many conjugacy classes of ﬁnite subgroups, and that CG(E) is ﬁnitely
generated for every E  G of order p:
Proof of Proposition 5. Let G be an elementary amenable group with cohomology almost everywhere
ﬁnitary. Kropholler’s Theorem (Theorem 2.1 in [10]) applies to a large class of groups, which includes
all elementary amenable groups. This theorem implies that G has a ﬁnite-dimensional model for EG ,
and that G has a bound on the orders of its ﬁnite subgroups. The proof of Lemma 3 generalizes imme-
diately to the elementary amenable case, and we conclude that G has ﬁnitely many conjugacy classes
of ﬁnite subgroups, and furthermore that G has ﬁnite virtual cohomological dimension. Therefore, we
can choose a torsion-free normal subgroup N of G of ﬁnite index.
Let E be any subgroup of G of order p, and let H := NE . Following the proof of Theorem 14, we
see that NH (E) has cohomology almost everywhere ﬁnitary. Hence,
CH (E) ∼= E × CN (E)
also has cohomology almost everywhere ﬁnitary, and so by Proposition 12 we see that CN (E) is
ﬁnitely generated. The result now follows. 
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In this section, we shall prove Theorem 6. It suﬃces to show this for the case R = Fp , by the
following lemma:
Lemma 23. Let G be a group, and R be a ring of prime characteristic p. Then Hn(G,−) is ﬁnitary over R if and
only if Hn(G,−) is ﬁnitary over Fp .
Proof. If Hn(G,−) is ﬁnitary over Fp , then it follows from Lemma 10 that Hn(G,−) is ﬁnitary over R .
Conversely, suppose that Hn(G,−) is ﬁnitary over R; that is, the functor ExtnRG(R,−) is ﬁnitary.
Let (Mλ) be a ﬁltered colimit system of FpG-modules. Then (Mλ ⊗Fp R) is a ﬁltered colimit system
of RG-modules, and so the natural map
lim−→ Ext
n
RG(R,Mλ ⊗Fp R) → ExtnRG(R, lim−→ Mλ ⊗Fp R)
is an isomorphism. Now, as an Fp-vector space, R ∼= Fp ⊕ V for some Fp-vector space V . Therefore,
for each λ,
Mλ ⊗Fp R ∼= Mλ ⊕ Mλ ⊗Fp V ,
and so
ExtnRG(R,Mλ ⊗Fp R) ∼= ExtnRG(R,Mλ) ⊕ ExtnRG(R,Mλ ⊗Fp V ).
It then follows from Lemma 11 that the natural map
lim−→ Ext
n
RG(R,Mλ) → ExtnRG(R, lim−→ Mλ)
is an isomorphism. Now, we see from Chapter 0 of [2] that
ExtnRG(R,−) ∼= ExtnFpG(Fp,−)
on FpG-modules, so therefore it follows that the natural map
lim−→ Ext
n
FpG
(Fp,Mλ) → ExtnFpG(Fp, lim−→ Mλ)
is an isomorphism, and hence that Hn(G,−) is ﬁnitary over Fp . 
6.1. Proof of (i) ⇒ (ii)
Let G be a group of ﬁnite virtual cohomological dimension with cohomology almost everywhere
ﬁnitary over Fp . We begin by showing that the normalizer of every non-trivial elementary abelian p-
subgroup of G is of type FP∞ over Fp . In fact, we shall show that the normalizer of every non-trivial
ﬁnite p-subgroup of G is of type FP∞ over Fp .
Lemma 24. Let N be any group, and Q be a non-trivial ﬁnite group whose order is divisible by p. If N × Q
has cohomology almost everywhere ﬁnitary over Fp , then N × Q is of type FP∞ over Fp .
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there is some n such that Hn(N,−) is not ﬁnitary over Fp .
Let E be a subgroup of Q of order p, so by an argument similar to the proof of Proposition 12 we
obtain, for each m, the following isomorphism of functors:
Hm(N × E,−) ∼=
m⊕
i=0
Hi(N,−),
for modules on which E acts trivially.
As Hn(N,−) is not ﬁnitary over Fp , it follows from Lemma 11 that Hm(N × E,−) is not ﬁnitary
over Fp for all m n. Therefore, by an easy generalization of Lemma 9, we see that Hm(N × Q ,−) is
not ﬁnitary over Fp for all m n, which is a contradiction. 
Lemma 25. Let G be a group of ﬁnite virtual cohomological dimension with cohomology almost everywhere
ﬁnitary over Fp , and let E be a subgroup of order p. Then the normalizer NG(E) of E is of type FP∞ over Fp .
Proof. As G has ﬁnite virtual cohomological dimension, we can choose a torsion-free normal sub-
group N of ﬁnite index. Let H := NE . A slight variation on the proof of Theorem 14 shows that
NH (E) has cohomology almost everywhere ﬁnitary over Fp . Therefore,
CH (E) ∼= E × CN (E)
has cohomology almost everywhere ﬁnitary over Fp , and by Lemma 24, we see that CH (E) is of type
FP∞ over Fp . Thus, NG(E) is of type FP∞ over Fp , as required. 
Theorem 26. Let G be a group of ﬁnite virtual cohomological dimension with cohomology almost everywhere
ﬁnitary over Fp , and let F be a non-trivial ﬁnite p-subgroup. Then the normalizer NG(F ) of F is of type FP∞
over Fp .
Proof. Suppose that F has order pk , where k 1. We proceed by induction on k.
If k = 1, then the result follows from Lemma 25.
Suppose now that k 2. As the center ζ(F ) of F is non-trivial, we can choose a subgroup E  ζ(F )
of order p. Then CG(E) is of type FP∞ over Fp by Lemma 25, and Proposition 2.7 in [2] shows that
CG (E)/E is also of type FP∞ over Fp . By induction, the normalizer of F/E in CG(E)/E , which is
(
NG(F ) ∩ CG(E)
)
/E,
is of type FP∞ over Fp . Another application of Proposition 2.7 in [2] shows that NG(F ) ∩ CG(E) is of
type FP∞ over Fp , and as
CG(F ) NG(F ) ∩ CG(E) NG(F ),
we see that NG(F ) is of type FP∞ over Fp . 
Next, we shall show that G has ﬁnitely many conjugacy classes of elementary abelian p-subgroups.
Firstly, we need the following lemma:
Lemma 27. Let G be a group. If Hn(G,−) is ﬁnitary over Fp , then Hn(G,Fp) is ﬁnite-dimensional as an
Fp-vector space.
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cient Theorem, we have the following isomorphism:
Hn(G,Fp) ∼= HomFp
(
Hn(G,Fp),Fp
)
.
Hence Hn(G,Fp) is also inﬁnite-dimensional as an Fp-vector space, with basis {ei: i ∈ I}, say. We
then have:
Hn(G,Fp) ∼=
∏
I
Fp .
Next, let
⊕
J Fp be an inﬁnite direct sum of copies of Fp . As H
n(G,−) is ﬁnitary over Fp , the
natural map
⊕
J
Hn(G,Fp) → Hn
(
G,
⊕
J
Fp
)
is an isomorphism; that is,
⊕
J
∏
I
Fp ∼=
∏
I
⊕
J
Fp,
which is clearly a contradiction. 
Next, recall the following deﬁnition from [8]:
Deﬁnition 28. A homomorphism φ : A → B of Fp-algebras is called a uniform F -isomorphism if and
only if there exists a natural number n such that:
• If x ∈ Kerφ, then xpn = 0; and
• If y ∈ B , then ypn is in the image of φ.
We also have the following result of Henn (Theorem A.4 in [8]):
Proposition 29. If G is a discrete group such that there exists a ﬁnite-dimensional contractible G-CW-complex
X with all cell stabilizers ﬁnite of bounded order, then there exists a uniform F -isomorphism
φ : H∗(G,Fp) → limAp(G)op H
∗(E,Fp),
where Ap(G) denotes the category with objects the elementary abelian p-subgroups E of G, and morphisms
the group homomorphisms which can be induced by conjugation by an element of G.
Finally, we can prove the following proposition, which is a generalization of a result of Henn
(Theorem A.8 in [8]):
Proposition 30. Let G be a group of ﬁnite virtual cohomological dimension with cohomology almost every-
where ﬁnitary over Fp . Then G has ﬁnitely many conjugacy classes of elementary abelian p-subgroups.
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for the classifying space EG for proper actions (Exercise §VIII.3 in [5]). Thus, X is a ﬁnite-dimensional
contractible G-CW-complex with all cell stabilizers ﬁnite of bounded order, so it follows from Propo-
sition 29 that there is a uniform F -isomorphism
φ : H∗(G,Fp) → limAp(G)op H
∗(E,Fp).
Now assume that there are inﬁnitely many conjugacy classes of elementary abelian p-subgroups of G .
As the order of the ﬁnite subgroups is bounded, this means that there must be inﬁnitely many maxi-
mal elementary abelian p-subgroups of G of the same rank k (although k itself need not necessarily
be maximal). Following Henn’s argument, we can use this fact to construct inﬁnitely many linearly
independent non-nilpotent classes in the inverse limit in some degree (for the details, see the proof
of Theorem A.8 in [8]). Now, raising these to a large enough power and using the fact that φ is a
uniform F -isomorphism, we see that H∗(G,Fp) is inﬁnite-dimensional as an Fp-vector space in some
degree m such that Hm(G,−) is ﬁnitary over Fp . This gives a contradiction to Lemma 27. 
6.2. Proof of (ii) ⇒ (iii)
This is immediate.
6.3. Proof of (iii) ⇒ (i)
Let G be a group of ﬁnite virtual cohomological dimension, such that G has ﬁnitely many conju-
gacy classes of elementary abelian p-subgroups and the normalizer of every non-trivial elementary
abelian p-subgroup of G has cohomology almost everywhere ﬁnitary over Fp . We shall show that G
has cohomology almost everywhere ﬁnitary over Fp .
Firstly, let Ap(G) denote the poset of all the non-trivial elementary abelian p-subgroups of G , and
let Sp(G) denote the poset of all the non-trivial ﬁnite p-subgroups of G . We see from Remark 2.3(i)
in [17] that the inclusion of posets Ap(G) ↪→ Sp(G) induces a G-homotopy equivalence∣∣Ap(G)∣∣G ∣∣Sp(G)∣∣
between the G-simplicial complexes.
Next, we need the following result (Proposition 2.7, §II in [3]):
Proposition 31. Let X and Y be G-CW-complexes, and φ : X → Y be a G-equivariant cellular map. Then φ is
a G-homotopy equivalence if and only if φH : XH → Y H is a homotopy equivalence for all subgroups H of G.
We can now prove the following key lemma:
Lemma 32. The complex |Ap(G)|E is contractible for all E ∈ Ap(G).
Proof. We follow an argument similar to the proof of Lemma 2.1 in [11].
If H ∈ Sp(G)E , then EH is a p-subgroup of G . We can therefore deﬁne a function
f : Sp(G)E → Sp(G)E
by f (H) = EH , so for all H ∈ Sp(G)E we have:
H  f (H) E.
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implies that |Sp(G)E | is contractible by Quillen’s argument. Finally, by Proposition 31, we see that
∣∣Ap(G)∣∣E  ∣∣Sp(G)∣∣E = ∣∣Sp(G)E ∣∣,
and the result now follows. 
Finally, we can now prove the following:
Theorem 33. Let G be a group of ﬁnite virtual cohomological dimension. If G has ﬁnitely many conjugacy
classes of elementary abelian p-subgroups, and the normalizer of every non-trivial elementary abelian p-
subgroup of G has cohomology almost everywhere ﬁnitary over Fp , then G has cohomology almost everywhere
ﬁnitary over Fp .
Proof. Let Ap(G) be the poset of all non-trivial elementary abelian p-subgroups of G , and let |Ap(G)|
denote its realization as a G-simplicial complex. As G has ﬁnitely many conjugacy classes of elemen-
tary abelian p-subgroups, there must be a bound on their orders, and so |Ap(G)| is ﬁnite-dimensional,
say dim |Ap(G)| = r. By Proposition 16, we can embed |Ap(G)| into an r-dimensional G-CW-complex
Y which is (r − 1)-connected, such that G acts freely outside |Ap(G)|. The augmented cellular chain
complex of Y then gives the following exact sequence of ZG-modules:
0 → H˜r(Y ) → Cr(Y ) → ·· · → C0(Y ) → Z → 0,
which gives the following exact sequence of FpG-modules:
0 → H˜r(Y ) ⊗ Fp → Cr(Y ) ⊗ Fp → ·· · → C0(Y ) ⊗ Fp → Fp → 0.
In order to show that G has cohomology almost everywhere ﬁnitary over Fp , it is enough by an
easy generalization of Lemma 19 to show that the functors Ext∗FpG(H˜r(Y )⊗Fp,−) and Ext∗FpG(Cl(Y )⊗
Fp,−), 0 l r, are ﬁnitary in all suﬃciently high dimensions.
Firstly, notice that for every E ∈ Ap(G), Y E = |Ap(G)|E , and hence is contractible, as the copies
of G we have added in the construction of Y have free orbits, and so have no ﬁxed points under E .
Therefore, an easy generalization of Proposition 17 shows that H˜r(Y ) ⊗ Fp is projective as an Fp E-
module for all elementary abelian p-subgroups E of G .
Let K be a ﬁnite subgroup of G , so H˜r(Y ) ⊗ Fp restricted to K is an Fp K -module with the prop-
erty that its restriction to every elementary abelian p-subgroup of K is projective. It then follows
from Chouinard’s Theorem [6] that H˜r(Y ) ⊗ Fp is projective as an Fp K -module. As this holds for
every ﬁnite subgroup K of G , it then follows from Proposition 13 that H˜r(Y ) ⊗ Fp has ﬁnite projec-
tive dimension over FpG . Hence ExtnFpG(H˜r(Y ) ⊗ Fp,−) = 0, and thus is ﬁnitary, for all suﬃciently
large n.
Next, for each 0  l  r, consider the functor Ext∗FpG(Cl(Y ) ⊗ Fp,−). Provided that n  1, we see
that
ExtnFpG
(
Cl(Y ) ⊗ Fp,−
)∼= ExtnFpG(Cl(∣∣Ap(G)∣∣)⊗ Fp,−)
∼= ExtnFpG
(
Fp
∣∣Ap(G)∣∣l,−),
where |Ap(G)|l consists of all the l-simplicies
E0 < E1 < · · · < El
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stabilizer of such a simplex is
⋂l
i=0 NG(Ei). We then obtain the following isomorphism:
ExtnFpG
(
Fp
∣∣Ap(G)∣∣l,−)∼= ExtnFpG
(
Fp
[∐
C
l⋂
i=0
NG(Ei)\G
]
,−
)
∼=
∏
C
ExtnFpG
(
Fp
[
l⋂
i=0
NG(Ei)\G
]
,−
)
∼=
∏
C
Hn
(
l⋂
i=0
NG(Ei),−
)
,
where the product is taken over a set C of representatives of conjugacy classes of non-trivial ele-
mentary abelian p-subgroups of G . As we are assuming that G has only ﬁnitely many such conjugacy
classes, this product is ﬁnite.
Now, for each l-simplex E0 < E1 < · · · < El we have
CG(El)
l⋂
i=0
NG(Ei) NG(El),
and so
∣∣∣∣∣NG(El) :
l⋂
i=0
NG(Ei)
∣∣∣∣∣< ∞.
Then, as NG(El) has cohomology almost everywhere ﬁnitary over Fp , we see from an easy general-
ization of Lemma 9 that
⋂l
i=0 NG(Ei) has cohomology almost everywhere ﬁnitary over Fp , and so for
all suﬃciently large n, Hn(
⋂l
i=0 NG(Ei),−) is ﬁnitary over Fp . Therefore, for all suﬃciently large n,
ExtnFpG(Cl(Y ) ⊗ Fp,−) is isomorphic to a ﬁnite product of ﬁnitary functors, and hence is ﬁnitary,
which completes the proof. 
7. A Question of Leary and Nucinkis
In [13], Leary and Nucinkis posed the following question: If G is a group of type VFP over Fp , and
P is a p-subgroup of G , is the centralizer CG(P ) of P necessarily of type VFP over Fp?
In this section, we shall give a positive answer to this question. Firstly, recall (see §2 of [13]) that
a group G is said to be of type VFP over Fp if and only if it has a subgroup of ﬁnite index which is
of type FP over Fp .
Proposition 34. Let G be a group which has a subgroup H of ﬁnite index with cdFp H < ∞. Then there exists
a ﬁnite-dimensional G-CW-complex X with ﬁnite cell stabilizers such that
0 → Cr(X) ⊗ Fp → ·· · → C0(X) ⊗ Fp → Fp → 0
is an exact sequence of FpG-modules.
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exists a ﬁnite-dimensional free H-CW-complex X ′ with the property that C˜∗(X ′) ⊗ Fp is exact. Set
X := HomH
(
G, X ′
)
.
An easy generalization of the proof of Theorem 3.1 §VIII in [5] then shows that X has the required
properties. 
Next, we prove the following key lemma, which is a variation on Proposition 13:
Lemma 35. Let G be a group of type VFP over Fp , and M be an FpG-module. If M is projective as an Fp K -
module for all ﬁnite subgroups K of G, then M has ﬁnite projective dimension over FpG.
Proof. As G is of type VFP over Fp , we see from Proposition 34 that there exists a ﬁnite-dimensional
G-CW-complex X with ﬁnite cell stabilizers, such that
0 → Cr(X) ⊗ Fp → ·· · → C0(X) ⊗ Fp → Fp → 0
is exact. Now, for each k, Ck(X) is a permutation module,
Ck(X) ∼=
⊕
σ∈Σk
Z[Gσ \G],
where Σk is a set of G-orbit representatives of k-cells in X , and Gσ is the stabilizer of σ . If we tensor
the above exact sequence with M , then we obtain the following:
0 → M ⊗Fp
(
Cr(X) ⊗ Fp
)→ ·· · → M ⊗Fp (C0(X) ⊗ Fp)→ M → 0,
where, for each k, we have
M ⊗Fp
(
Ck(X) ⊗ Fp
)∼= ⊕
σ∈Σk
M ⊗FpGσ FpG.
Now, as M is projective as an FpGσ -module, we see that M ⊗FpGσ FpG is projective as an FpG-
module. Therefore, M ⊗Fp (Ck(X) ⊗ Fp) is projective as an FpG-module, and so the above exact
sequence is a projective resolution of M , and we then conclude that M has ﬁnite projective dimension
over FpG . 
We can now answer Leary and Nucinkis’ question in the case where P has order p. This is a
variation on Lemma 25:
Proposition 36. Let G be a group of type VFP over Fp , and let P be a subgroup of G of order p. Then CG(P ) is
of type VFP over Fp .
Proof. As G is of type VFP over Fp , we can choose a normal subgroup N of ﬁnite index which is of
type FP over Fp . Let H := NP , so H is of type VFP over Fp .
Next, let Ap(H) denote the set of all non-trivial elementary abelian p-subgroups of H , so Ap(H)
consists of subgroups of order p. Now H acts on this set by conjugation, so the stabilizer of any
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is simply the set {E}. We then have the following short exact sequence of FpH-modules:
J FpAp(H)
ε
 Fp,
where ε denotes the augmentation map, and we see that for each E ∈ Ap(H), J is free as an Fp E-
module with basis {E ′ − E : E ′ ∈ Ap(H)}. Therefore, if K is any ﬁnite subgroup of H , we see that J
restricted to K is an Fp K -module such that its restriction to every elementary abelian p-subgroup of
K is free. It then follows from Chouinard’s Theorem [6] that J is projective as an Fp K -module. As
this holds for every ﬁnite subgroup K of H , it follows from Lemma 35 that J has ﬁnite projective
dimension over FpH .
An argument similar to the proof of Theorem 14 then shows that NH (P ) has cohomology almost
everywhere ﬁnitary over Fp . Hence,
CH (P ) ∼= P × CN(P )
has cohomology almost everywhere ﬁnitary over Fp , and by Lemma 24, CN (P ) is of type FP∞ over Fp .
Finally, as
cdFp CN(P ) cdFp N < ∞,
we see that CN (P ) is of type FP over Fp , and the result now follows. 
We can now answer Leary and Nucinkis’ question. This is a variation on Theorem 26:
Theorem 37. Let G be a group of type VFP over Fp , and P be a p-subgroup of G. Then the centralizer CG(P )
of P is also of type VFP over Fp .
Proof. If P is trivial, then the result is immediate. Assume, therefore, that P has order pk , where
k 1. We proceed by induction on k:
If k = 1, then the result follows from Proposition 36.
Suppose now that k  2. Choose a subgroup E  ζ(P ) of order p. Then CG(E) is of type VFP
over Fp by Proposition 36, and so CG(E) has a normal subgroup N of ﬁnite index which is of type
FP over Fp . Let H := NE . Then CG(E)/E has the subgroup H/E of ﬁnite index, with H/E ∼= N of type
FP over Fp , and so CG(E)/E is of type VFP over Fp . By induction, the centralizer of P/E in CG(E)/E
is of type VFP over Fp . Hence the normalizer of P/E in CG(E)/E , which is(
NG(P ) ∩ CG(E)
)
/E,
is of type FP∞ over Fp , and by Proposition 2.7 in [2] we see that NG(P ) ∩ CG (E) is of type FP∞
over Fp . Then, as
CG(P ) NG(P ) ∩ CG(E) NG(P ),
we conclude that CG(P ) is also of type FP∞ over Fp .
Now, as G is of type VFP over Fp , it has a subgroup S of ﬁnite index which is of type FP over Fp .
Therefore, CS (P ) is of type FP∞ over Fp , and as
cdFp C S(P ) cdFp S < ∞,
we see that CS (P ) is of type FP over Fp , and the result now follows. 
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Let G be a group which possesses a ﬁnite-dimensional model for the classifying space EG for
proper actions. If G has ﬁnitely many conjugacy classes of ﬁnite subgroups, and the normalizer of
every non-trivial ﬁnite subgroup of G has cohomology almost everywhere ﬁnitary, then the proof of
Theorem 20 generalizes immediately to show that G has cohomology almost everywhere ﬁnitary.
However, the converse of this statement is false. In fact, it is false even for the subclass of groups
of ﬁnite virtual cohomological dimension, as we shall now show. We need the following result of
Leary (Theorem 20 in [12]).
Proposition 38. Let Q be a ﬁnite group not of prime power order. Then there is a group H of type F and a
group G = H  Q such that G contains inﬁnitely many conjugacy classes of subgroups isomorphic to Q and
ﬁnitely many conjugacy classes of other ﬁnite subgroups.
As H is of type F, it has a ﬁnite Eilenberg–Mac Lane space, say Y . As the universal cover Y˜ of Y is
contractible, its augmented cellular chain complex is an exact sequence of ZH-modules:
0 → Cn(Y˜ ) → ·· · → C0(Y˜ ) → Z → 0,
and as Y has only ﬁnitely many cells in each dimension, we see that each Ck(Y˜ ) is ﬁnitely generated.
Hence, we see that H has ﬁnite cohomological dimension, and is of type FP∞ . Therefore, G is a
group of ﬁnite virtual cohomological dimension which is of type FP∞ , and hence has cohomology
almost everywhere ﬁnitary, but G does not have ﬁnitely many conjugacy classes of ﬁnite subgroups,
which gives us a counter-example.
9. Proof of Lemma 3
9.1. Proof of (i) ⇒ (ii)
Proposition 39. Let G be a locally (polycyclic-by-ﬁnite) group such that there is a ﬁnite-dimensional model
for EG and there is a bound on the orders of the ﬁnite subgroups of G. Then G has ﬁnite virtual cohomological
dimension.
Proof. Let X be a ﬁnite-dimensional model for EG , and let r = dim X . Then, for each k, Ck(X) is a
permutation module,
Ck(X) ∼=
⊕
σ∈Σk
Z[Gσ \G],
where Σk is a set of G-orbit representatives of k-cells in X , and Gσ is the stabilizer of σ , so in
particular each Gσ is ﬁnite. Then
Ck(X) ⊗ Q ∼=
⊕
σ∈Σk
Q ⊗QGσ QG,
and as QGσ is semisimple, Q is a projective QGσ -module. Hence, Q ⊗QGσ QG is a projective QG-
module, and so Ck(X) ⊗ Q is a projective QG-module. We then have that
0 → Cr(X) ⊗ Q → ·· · → C0(X) ⊗ Q → Q → 0
is a projective resolution of the trivial QG-module, and hence that G has ﬁnite rational cohomological
dimension.
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is bounded above by its rational cohomological dimension, so we conclude that G has ﬁnite Hirsch
length.
Next, let τ (G) denote the unique largest locally ﬁnite normal subgroup of G . As there is a bound
on the orders of the ﬁnite subgroups of G , we see that τ (G) must be ﬁnite.
Then, as G is an elementary amenable group of ﬁnite Hirsch length, it follows from a result of
Wehrfritz [18] that G/τ (G) has a poly-(torsion-free abelian) characteristic subgroup of ﬁnite index.
Hence, G has a poly-(torsion-free abelian) characteristic subgroup, say S , of ﬁnite index. We see that
S has ﬁnite Hirsch length, and hence ﬁnite cohomological dimension. We then conclude that G has
ﬁnite virtual cohomological dimension, as required. 
9.2. Proof of (ii) ⇒ (iii)
We begin by proving the following lemma:
Lemma 40. Let Q be a ﬁnite group, and A be a Z-torsion-free ZQ -module of ﬁnite Hirsch length. Then
H1(Q , A) is ﬁnite.
Proof. As Q is ﬁnite, H1(Q , A) has exponent dividing the order of Q (Corollary 10.2, §III in [5]). We
have the following short exact sequence:
A
|Q |
 A
π
 A/|Q |A.
Passing to the long exact sequence in cohomology, we obtain the following monomorphism:
H1(Q , A)
π∗
 H1
(
Q , A/|Q |A).
Now, as A/|Q |A has ﬁnite exponent and ﬁnite Hirsch length, it is ﬁnite. It then follows that H1(Q , A)
is ﬁnite. 
Next, note that all groups of ﬁnite virtual cohomological dimension possess a ﬁnite-dimensional
model for EG (Exercise §VIII.3 in [5]), so it suﬃces to prove the following:
Proposition 41. Let G be a locally (polycyclic-by-ﬁnite) group of ﬁnite virtual cohomological dimension. Then
G has ﬁnitely many conjugacy classes of ﬁnite subgroups.
Proof. As G has ﬁnite virtual cohomological dimension, it must have a bound on the orders of its
ﬁnite subgroups. Therefore, the same argument as in the previous subsection shows that G is a poly-
(torsion-free abelian)-by-ﬁnite group of ﬁnite Hirsch length. We proceed by induction on the Hirsch
length h(G) of G .
If h(G) = 1, then G has a torsion-free abelian normal subgroup A of ﬁnite Hirsch length such that
G/A = Q is ﬁnite. There is a 1-1 correspondence between the conjugacy classes of complements to A
in G and H1(Q , A) (Result 11.1.3 in [16]). Therefore, by Lemma 40, we see that G has ﬁnitely many
conjugacy classes of ﬁnite subgroups.
Suppose h(G) > 1. We know that G has a torsion-free abelian normal subgroup A of ﬁnite Hirsch
length. As h(G) > h(G/A), we see by induction that G/A has ﬁnitely many conjugacy classes of ﬁnite
subgroups. Let F be a ﬁnite subgroup of G , so AF lies in one of ﬁnitely many conjugacy classes, say
those represented by AK1, . . . , AKm . Then, as each H1(Ki, A) is ﬁnite, there are only ﬁnitely many
conjugacy classes of complements to A in AKi , and F must lie in one of those. 
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Let G be a group with ﬁnitely many conjugacy classes of ﬁnite subgroups. Then it is clear that
there must be a bound on the orders of its ﬁnite subgroups.
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